We construct a form of swallowtail singularity in R 3 which uses coordinate transformation on the source and isometry on the target. As an application, we classify configurations of asymptotic curves and characteristic curves near swallowtail.
Introduction
Wave fronts and frontals are surfaces in 3-space, and they may have singularities. They always have normal directions even along singularities. Recently, there appeared several articles concerning on differential geometry of wave fronts and frontals [14-17, 20, 21, 23-25] . Surfaces which have only cuspidal edges and swallowtails as singularities are the generic wave fronts in the Euclidean 3-space. Fundamental differential geometric invariants of cuspidal edge is defined in [25] . It is further investigated in [18, 20, 21] , where the normal form of cuspidal edge plays a important role. The normal form of a singular point is a parametrization using by coordinate transformation on the source and isometric transformation on the target [5, 28] . For the purpose of differential geometric investigation of singularities, it is not only convenient, but also indispensable to studying higher order invariants. Higher order invariants of cuspidal edges are studied in [23] , and in [23] , moduli of isometric deformations of cuspidal edge is determined. In this paper, we give a normal form of swallowtail, and study relationships to previous investigation of swallowtail. As an application, we study geometric foliations near swallowtail.
The precise definition of the swallowtail is given as follows: The unit cotangent bundle T front set of i, where π : T 1 R 3 → R 3 is the canonical projection and we denote it by W (i). Moreover, i is called the Legendrian lift of W (i). With this framework, we define the notion of fronts as follows: A map-germ f : (R 2 , 0) → (R 3 , 0) is called a frontal if there exists a unit vector field (called unit normal of f ) ν of R 3 along f such that L = (f, ν) : (R 2 , 0) → (T 1 R 3 , 0) is an isotropic map by an identification T 1 R 3 = R 3 × S 2 , where S 2 is the unit sphere in R 3 (cf. [1] , see also [19] ). A frontal f is a front if the above L can be taken as an immersion. A point q ∈ (R 2 , 0) is a singular point if f is not an immersion at q. A map f : M → N between 2-dimensional manifold M and 3-dimensional manifold N is called a frontal (respectively, a front) if for any p ∈ M, the map-germ f at p is a frontal (respectively, a front). A singular point p of a map f is called a cuspidal edge if the map-germ f at p is Aequivalent to (u, v) → (u, v 2 , v 3 ) at 0, and a singular point p is called a swallowtail if the map-germ f at p is A-equivalent to (u, v) → (u, 4v
3 + 2uv, 3v
) Therefore if the singular point p of f is a swallowtail, then f at p is a front.
Singular points of k-th kind
Let f : (R 2 , 0) → (R 3 , 0) be a frontal and ν its unit normal. Let λ be a function which is a non-zero functional multiplication of the function det(f u , f v , ν) for some coordinate system (u, v), and ( ) u = ∂/∂u, ( ) v = ∂/∂v. We call such function singularity identifier. A singular point p of f is called non-degenerate if dλ(p) = 0. Let 0 be a non-degenerate singular point of f . Then the set of singular points S(f ) is a regular curve, we take a parameterization γ(t) (γ(0) = 0) of it. We setγ = f • γ and callγ singular locus. One can show that there exists a vector field η such that if p ∈ S(f ), then ker df p = η p R .
We call η the null vector field. On S(f ), η can be parameterized by the parameter t of γ. We denote by η(t) the null vector field along γ. We set
Definition 2.1. A non-degenerate singular point 0 is the first kind if ϕ(0) = 0. A non-degenerate singular point 0 is the k-th kind (k ≥ 2) if
The definition does not depend on the choice of the parameterization of γ and choice of η. We remark that if f is a front, then the singular point of the first kind is the cuspidal edge, and the singular point of the second kind is the swallowtail [19] . We can rephrase the definition of the k-th kind singularity as follows. Let 0 be a nondegenerate singular point of f . Then there exists a vector fieldη such that if p ∈ S(f ) then ker df p = η p R . We callη the extended null vector field. Lemma 2.2. Let 0 be a non-degenerate singular point 0 of a frontal f : (R 2 , 0) → (R 3 , 0), and let λ be a singularity identifier. Then the followings are equivalent.
(1) 0 is a singular point of the k-th kind,
where η is a null vector field, and η i stands for the i times directional derivative by η.
Firstly we show that the condition (2) does not depend on the choices of η and λ. It is obvious that for the choice of λ, we shoe it for the choice ofη. We show the following lemma.
) be a function satisfying dλ(0) = 0, and let η be a vector field. Let η be another vector field satisfying η = hη, where h is a function
hold.
Proof. Without loss of generality, we can assume the coordinate system (u, v) satisfies η = ∂v. By ηλ = 0 and dλ(0) = 0, we have λ u = 0. Thus by the implicit function theorem, there exists a function a(v) such that
Thus λ is proportional to a(v) − u, and without loss of generality, we can assume
3) does not depend on the non-zero functional multiplication of η, we may assume η = b(u, v)∂u + ∂v.
We show that
Proof of Lemma 2.2. We show the case k ≥ 2, since it is clear when k = 1. Since 0 is non-degenerate, we can take a coordinate system (u, v) satisfying S(f ) = {v = 0}. By the non-degeneracy, we may assume λ = v. Furthermore, we can take
On the other hand, since λ = v, it holds that ηλ = ε(u). Then this depends only on u, η 2 λ = ε ′ (u) holds, and
Hence we have the equivalency of (1) and (2).
Normal form of singular point of the second kind
In this section, we construct a normal form of the singular point of the second kind which includes swallowtail. Furthermore, we study the relationships to the known invariants of swallowtail. Throughout this section, let f : (R 2 , 0) → (R 3 , 0) be a frontal and ν its unit normal, and let 0 be a singular point of the second kind.
We take coordinate transformation on the source and isometric transformation on the target, we detect the normal form of singular points of second kind. By the nondegeneracy, rank df 0 = 1 follows, and by rotating coordinate system on the target, we may assume that f u (0, 0) = (a, 0, 0), a > 0. By changing coordinate system on the source, we may assume f has the form
Since the Jacobian matrix of f is
Thus we can take the null vector field η = ∂v. Since 0 is non-degenerate, S(f ) can be parametrized by (s(v), v) near 0. Moreover, 0 is a singular point of the second kind, s(0) = s ′ (0) = 0, and s ′′ (0) = 0 hold. We may assume
Thus there exists a functions such that
We take the diffeomorphism ϕ on the source defined by
and consider (ũ,ṽ) = ϕ(u, v) as the new coordinate system. Since
Furthermore, the first component of f (ũ,ṽ) isũ, we see that ∂ṽ is a null vector field. Now we may assume that f has the form
• ∂v is a null vector field,
By the non-degeneracy, (g 1 (0, 0), h 1 (0, 0)) = (0, 0). Since
taking the partial integration,
holds, where
Similarly, we have
gives a unit normal vector for f , because of
Since f v (0, 0) = 0, f is a front if and only if ν v (0, 0) = 0, and it is equivalent to that ν 2 and ν 2v are linearly independent. Since
By rotating coordinate system on the target around the axis which contains (1, 0, 0), we may assume ν 2 /|ν 2 | = (0, 0, 1), namely, g 1 (0, 0) = g 4vvv (0, 0) > 0 and h 1 (0, 0) = h 4vvv (0, 0) = 0. Moreover, by f (0, 0) = (0, g 4 (0, 0), h 4 (0, 0)), we have g 4 (0, 0) = 0, h 4 (0, 0) = 0, and by f u (0, 0) = (1, 0, 0) and (3.4),
Summarizing up the above arguments, we have the following proposition. 
is a frontal satisfying that 0 is a singular point of the second kind, and
then 0 is a swallowtail. Conversely, for any singular point of the second kind p of a frontal f : U → R 3 , there exists a coordinate system (u, v) on U, and an orientation preserving isometry Φ on R 3 such that Φ • f (u, v) can be written in the form (3.6). We remark that another different normal form of swallowtail is obtained in [11] by a different view point.
Example 3.3. Let us set
and consider (3.6). Then the figure of f can be drawn as in Figure 1 .
Remark 3.4. By the above construction, we can obtain the normal forms for singular points of k-th kind by the same mannar. For functions g, h,
at 0 is a k-th kind of singular point if (
then it is a front. Here, g ′ = ∂g/∂v = g (1) , and g (i) = ∂g (i−1) /∂v, for example. 
Normal form that the singular set is the u-axis
The singular set S(f ) of f in the form (3.6) is a parabola and the null vector field on S(f ) is constantly ∂ v . On the other hand, sometimes we want to have a form satisfying that the singular set is the u-axis, although the null vector field is not constant. For that purpose, take f as in (3.6), and setf (ũ,ṽ) = f (ũ +ṽ 2 /2,ṽ). Then F (x, y) = −f (−y, x) is a frontal, and 0 is a singular point of the second kind satisfying η = ∂ u + u∂ v and S(f ) = {v = 0}.
Forms in the low degrees
In the Proposition 3.1, we have the normal forms in the low degrees in the following manner. In the form (3.6), we set
where g 6 , h 6 satisfy j 5 g 6 (0, 0) = j 5 h 6 (0, 0) = 0, and g 5 , h 5 are
where a ij , b ij ∈ R and a 02 = a 10 , b 02 = b 10 , a 03 = 0, b 03 = 0. Then f has the form 
Invariants
In [21] , several invariants of singular points of the second kind are introduced. We take a parametrization γ(t) of S(f ) and assume γ(0) = 0. We setγ = f • γ as above. The limiting normal curvature κ ν of f at 0 is defined by
with respect to the unit normal vector ν (cf. [21, (2.2)]), whereγ is the singular locus. The normalized cuspidal curvature µ c is defined by
, where (u, v) is a coordinate system satisfying ker df 0 = ∂v R . The limiting normal curvature and normalized cuspidal curvature relate the boundedness of the Gaussian and mean curvature near singular points of the second kind [21, Propositions 4.2, 4.3, Theorem 4.4]. The limiting singular curvature τ s is defined by the limit of singular curvature [25] and it is computed by We assume that f is a singular points of the second kind given in the form (3.8).
where ν is the unit normal vector satisfying ν(0, 0) = (0, 0, 1).
Geometric foliations near swallowtail
In this section, as an application of the normal form of swallowtail, we study geometric foliations near swallowtail defined by binary differential equations.
Binary differential equations
Let U ⊂ R 2 be an open set and (u, v) a coordinate system on U. Consider a 2-tensor
where p, q, r are functions on U. If a vector field
then direction of X is called the direction of ω = 0, and the integral curves of X is called the solutions of ω = 0. We call ω = 0 a binary differential equation (BDE). We set δ = q 2 − pr. Then ω = 0 defines two linearly independent directions on {δ > 0} ⊂ U, and it defines one direction on {δ = 0}, and it defines no direction on {δ < 0}. 
We identify two BDEs if they are equivalent. If a 2-tensor ω as in (4.1) satisfies δ(0) > 0, then the BDE ω = 0 is equivalent to dx 2 − dy 2 = 0. We consider here the case r(0) = 0, p u (0) = 0, p v (0) = 0 following [4] , since only this case is needed for our consideration. See [3, 4, 7, 8] for general study of BDEs. Dividing ω by r, and putting p = p/r,q = q/r, we consider
where O(r) stands for the terms whose degrees are greater than or equal to r. We may assume p 01 > 0 without loss of generality. Considering the coordinate change
and dividing by the coefficient of dv 2 , we seeω = 0 is equivalent to (A/C) dU 2 + 2(B/C) dUdV + dV 2 = 0, where 
and it is equal to A ′ dU 2 + 2B ′ dUdV + dV 2 = 0, where 
Now we consider a BDE ω = p du 2 + 2q dudv + dv 2 = 0, where
Consider a coordinate transformation
where
and dividing by the coefficient of dv 2 , we see ω = 0 is equivalent to (P/R) dU 2 + 2(O(3)/R) dUdV + dV 2 = 0, where
and it is equal to k = 3 of
It known that for any r ≥ 3, the BDE (4.3) is equivalent to k = r of (4.3) ( [4, Proposition 4.9] see also [7] ). We set
for a BDEω = 0 of the form (4.2). Summarizing up the above arguments, we have the following fact.
Fact 4.2. For any r ≥ 3, the BDEω of the form (4.2) is equivalent to
On the other hand, the configuration of the solutions of the BDE
is called folded saddle if l < 0, called folded node if 0 < l < 1/8, and called folded focus if l > 1/8, and they are drawn as in Figure 3 . 
Geometric foliations near swallowtail
Here we consider the following three 2-tensors.
(4.4)
The configuration of the solutions of ω lc is called the lines of curvature, and that of ω as is called the asymptotic curves. Since ω ch = 0 can be deformed to
, along the solution curves of ω ch , its normal curvature is equal to the harmonic mean of principal curvatures, where K, H are the Gaussian and mean curvatures respectively. The discriminant of ω ch = 0 is a positive multiplication of K. Thus the solutions of ω ch = 0 lie in the region of positive Gaussian curvature. The the solutions of ω ch = 0 is called characteristic curves (see [9, 13] ). We consider three foliations of (4.4) near swallowtail. Configurations of these foliations near singular points are intensively studied. See [6, 7, 12, 13, 26, 27] , for example. Let ν 2 be a normal vector to f where we do not assume |ν 2 | = 1, and set L 2 = f uu , ν 2 , M 2 = f uv , ν 2 , N 2 = f vv , ν 2 . One can easily see that all BDEs of (4.4) are equivalent to that of changing L, M, N to L 2 , M 2 , N 2 .
We take the coordinate system as in subsection 3.2. Then the singular set is {v = 0} and the null vector field on the u-axis is ∂ u + u∂ v . Thus F v (u, 0) = 0 for any u. Hence there exists a vector valued function ϕ such that F u (u, v) + uF v (u, v) = vϕ(u, v). We setẼ We factor out it from ω lc and ω ch and set ω lc = ω lc /v,ω as = ω as ,ω ch = ω ch /v. 
